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THIS Treatiſe is intended for an additional 

Book, to the Second Edition of the Author”s 
Introduction to GEOMETRY, firſs publiſhed in 
1767, and the Reader is referred to it in the 
Reaſon given for each Rule, 
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B 0-0 8 — 
Of MEASURING. 


338. L. S, lengths, or dimenſions, are efimated or or 
meaſured by inches, feet, yards, c. 

339. A ſquare, whoſe fide is in length one inch, one 
foot, one yard, c. is called a ſquare inch, ſquare foot, 
/quare yard, &c. 

340. A cube, whoſe fide is in length one inch, one foot, 
one yard, &c. is cailed a cubic inch, cubic foot, cubic 
yard, c. 

341. Surfaces are eſtimated or meaſured by the number 
of ſquare inches, feet, yards, c. which they contain. 

342. Solids are eſtimated or meaſured by the number of 
cubic inches, feet, yards, Fc. which they contain. 


K k Problem 
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Problem 1. 


343. To multiply Jeet, inches and parts, by feet, inches 
and parts, which method is termed croſs multiplication. 


R U L E, 
Set the feet in the multiplier, under the leaſt denomi na- 
tion in the multiplicand, and the reſt in order ; multiply 
as in common arithmetick, divide each product by 12 (as 


you go on) place the firſt remainder under the multiplying 
figure, and the reſt in order, adding the ſeveral quotients 
to the next ariſing products; and having thus finiſhed the 
multiplication, the ſum of all will be the product required. 


LK XAMPEL 
What is the product of 7 feet, 6 inches, ꝙ parts, by 
6 feet, 5 inches, 3 parts? 


| as a 1 
Now the multiplicand is 7: 6: 9 
- - - the multiplier 1s 6:5 : 3 duly placed 


1:10:8:3 
3:1: 9:9: 
4534: ©: 


The product 1s - |. "> FW ©. #9. 


—_ 


SRAMPLE 3 


: | fo i. i . F. i. i! 
Multiply = - 9:7:3 - - by7:9: 3 


The multiplier is - - 7 : 9g : 3 properly placed 
$143 919 
7 4 2 3: 
09 1834 3 


—e— 


The product is 74: 8: 7: 0:9 
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Problem 2. 
344+ To find the area, or content of a ſquare ABCD. 


D CT] 


A = 


TS» 

Multiply the length of the fide by it/elf, and the product 
vill expreſs the area. 

For if two adjacent ſides of the ſquare aB, Ab are 
divided into the ſame number of equal parts, and from 
the points of diviſion lines be drawn parallel to the 
other ſides ap Dc; it is evident that the given ſquare 
will be divided into leſſer ſquares, that the number of 
little ſquares in a row is equal to the number of parts 
(or meaſures) in the fide, that the number of rows is 
likewiſe equal to the number of parts in the fide, and 
conſequently, the ſquare of that number will expreſs 


the area. 
EXAMPL x. 
Let the fide as be three meaſures of any kind; 


then ABX AB = 3x 3 =9 the area, 
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Problem 3. 
345. To find the arta M a rectangle or oblong A Bp. 


FT] * 


A | 'B 


R UL E. 


Multiply the length by the breadth, namely, the baſe by 


the perpendicular; and the product will expreſs the area. 

For if the baſe as, and perpendicular à p, are divided 
into parts of equal length, and parallels be drawn to 
the other ſides ad, dc, from the points of diviſion, 
it is evident that the rectangle is divided into little 
ſquares, that the number in a row upon the baſe, is 
equal to the number of parts or meaſures in it, the 
number of rows 1s equal to the number of parts in the 
perpendicular, and conſequently the product of thoſe 
numbers will expreſs che area, 

| EXAMPLE. 

Let the baſe as be 4, and the perpendicular Be be 3. 

Then ABXBCZ=A4 x 3= 12, the area, 


EXAMPLE 
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EXAMPLE 2. 
What is the area of a rectangular floor, whoſe length 
is 33 feet 9 inches, and breadth is 22 feet 6 inches r 


1. By croſs multiplication, 


3 
The length or baſe - 33: 9 


The breadth or perpendicular is- - : 22: 6 


106: 106 
742: 6 


Tenni - —= | 759: 4:6 


2. By decimals, 
The length or baſe is = = 33,75 
The breadth or perpendicular is 22,5 X 


16875 
6750 
6750 


6 


The product i:: 759,378. the ares 
as before. 
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Problem 4. Dy 
346. To find the area of a farallelogram A BOD. 
D E C 
A 
RULE, 


Multiply the length by the breadth, ang the product will 
give the area. 

Becauſe a parallelogram is equal to a rectangle of 
the ſame baſe and altitule 94 


E XAML k. 

Let the length or baſe as be 242 yards, and the 
breadth or perpendicular ey be 160 yards; to find the 
area. 

— - ;- - a6 

Breadth Er - 1560 
14520 
242 


The product is - 38720 the area required. 
| Y 


REM AR K. 

If the area of a field in yards is divided by 4840 (the 
number of ſquare yards in one acre) the quotient will give 
the number of acres in that field, In this example there 
are eight acres. 4 
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A Theorem. 


347. Every quadrangle having two parallel ſides, is 
equal to a rectangle contained 'by haf their ſum, and a 
perpendicular between them. 


11277 
ALTER 
FAVS KY 


A 2B 


Let ascp be a quadrangle having the ſide vo 
parallel to the baſe aB, biſet Ab in x, draw EF 
parallel to aB or be, and let fall the perpendicular 
CG ; then EF = half AB Te, and aBcoD=FFrxcsc. 

For thro' the point E draw BI parallel to zc, and 
produce CD to 1. 

Now the angles ant, zA are equal to vir, rt. 82 


And the correſponding ſides ax, ED are eg l. con. 
Th. an = 1D, and the triangle u K- 77 
Th. ABCD =HBRCI — > = 4 - 49 
But HBXCG=HBCI - = * 1 - 94 
Th. aBcD ZHBXCG — - - * 48 
Again, EF, HB, 1c are equal - - — 91 


Th. 2EF = HB + ID + DC = — - — 49 
Or 2EF =hB +FAH + DC = ab + BC = 
Th. er = half ap+vc - — - - 51 


' 
* 
0 


And ABCD=EF X CG = s _- =f. a 
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Problem 5. 
348. To find the area of a quadrangle A ß having 


#2v0 parallel fides AB, oc. 


8 


A B 
R UL x. 


Multiply half the ſum of the parallel fides by the perpen- 


| dicular between them ; ; and the product will give the area. 


EXAMPLE. 
Let the parallel fides an, pc, and the perpendicular 
between them Er be 955, 637, and 630 links of Gun- 
ter's chain reſpectively; to find the area of the figure. 


rus - <=" ogg. 


= - = DO » 1 637 
Their fam - 1592 


The half fam .- 2 796 
The perpendicular Er = 


The produt - = = go1480, the area in links. 


R E MAR K. 
If the area of a field in links is divided by 1000060 (the 
number of ſquare links in ons acre) the quotient will ex- 


preſs the number of acres in that field Thus in the example 


above, the field contains five acres. 


{ 33 Þ 


Problem 6. 
349- To find the area of a triangle ag. 


C 


— 


_ ” Multiply the Lake by half the altitude, or the altitude 

&y half the baſe, and the produfs gives the ar. Or 

* Half the product of the baſe and alu will giet 
area. 


Becauſe a triangle is equal to — 
of the ſame baſe and altitude ge 


EXAMPLE 
100 baſe as be 97, and the altitude or perpen / 
dicular o be 68, to find the area. 
1 


Now aB== 97 2 = 97 
Half c = tn 


—— — i oa 
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Problem 7. 
350. To find the area of any quadrangle ABCD. 


R U L Es 


Meaſure a diagonal line ac, and the perpendicular; 
EE, Dy falling apon it from the oppoſite angles; multiply 
the ſum of theſe perpendiculars by half the diagonal, and 
the product will give the area; or multiply the ſum of the 
Ferpendiculars by the I and half 2b err ail 

e tht area. 

This rule ariſes from the preceding, HY is a de- 
termining two triang les at one operation. 


EXAMPLE. 
Let Ac, BE, pF be 18, 8, and 7 of Gunter's chain 
reſpectively, to find the are. 
Now 8 + 7 = 15, the ſum of the perpendiculars. 
Th. 15 X 9 = 135, the area in chains, which divided 
by 10 (the number of ſquare chains in one acre) gives 
13,5 acres ; namely, thirteen acres and a half. 


1 Problem 
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Problem 8. 
351. To find the area of any ſtrait lintd fgurc. 


RULE Ss, 

1. Divide the figure into triangles, 
each triangle, by problem 6, and their ſum will be the 
content, Or 

2. Make a triangle equal to the given 4. . article 
312, and find the area of this equal triangle. 


EXAMPLE. * 

Let aBcDE be the given figure, and rcp be a tri - 
angle made equal to it, whoſe baſe v meaſures 1244 
links, and nn vn meaſures 1120 links. 
Then re - — 2 1240 
Half pm ' - 2 366 


7 4400 
6200 


if 


——— —— 


The area of rod, or ahr = = 694400 links. 
Which is 6, 944co acres. 
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Problem g. 
352. To fad the ave an regular jolgen.. 


* 2 ”B 


R V . 
Det fail perpendicular from the center of the figurt ta: 
oof its fider; then multiply together the perpendicular; 
8 n of its fide 3 and half 


For 0 ft lines be = * every angular point to 
the center of the figure, the polygon will be divided 


into the ſame number of equal triangles, as it has ſides. 
EXAMBELYEY. 
| What is che area of a regular pentagon aner, 
whoſe fide an ia 250, and perpendicular rc is 727 
Now I72X250x5 = z15c00 the product of the three 
given quantities, and i its half 1 is 107500, the content 
required, | 
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Problem 20. 
75 3. To find the- circumference f + a cirele whoſe dias 


mer 13 2. 


; 
In the ſemicircle ac, apply the line av-equal te , 


the radius at, and draw AC biſecting the angle 34 b. 
Now Ab · is the fide of a regular hexagon (335) and 
the arches pe, CD are equal (148) therefore each is g 
of the whole circumference, and the line ac is given 
by 220. By the ſame theorem, a ſeries of biſecting 
lines may be found approaching to the diameter 4 3, 
and every intercepted arch (Bc) will be a known part 


of the circumference z and having thus determined an 


arch Be ſufficiently minute for our purpoſe, by joining 
zr, the triangle Ar is right angled at 7 (153) and 


the line BF is given-(100.) Laſtly, ar being the ſide 
of a regular inſcribed figure, whoſe number of ſides is- 


given, the circuit of that polygon is given, and con- 


ſequently the circumference of the circle (being greater- 


than the circuit of any inſcribed polygon) is nearly 
found, but to determine it exactly is impoſſible. 


Opera- 


: 


= 
l 
4 
_ — — 


tc. ac -ogcees 


2 * = % . * 
r R 8 4 Ds -— <3 
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— 


Operation. 
No ac* | AC | Ar. BF 
1 | 30000000000 | 1,7320508075 + 8 
23, 7320508075 1, 93185 16525 = 11 
3 | 39318516525 | 1,9828897227 - 27 
4 | 3-9828897227 | 1,9957178465 = IT 
5 | 39957178465 | 1,9989291743 = 98 
6 3.9989291743 9997322257 r 
7 | 39997322757 1,9993308 TF 
8] 3-9999330678 | Br* =0,0000669322 | ix 


Therefore Br = o, oo8 18121, and o, oo8 1821 x 
768 = 6, 283), the circuit of an inſcribed polygon, 
having 68 ſides. | 

Again, fince the inſeribed polygon of 768 ſides is 
deterined, the circuit of a circumſcribing polygon 
fimilar to it is eaſily found to be 6,28322, (the circuits 
and perpendiculars from the center to their ſides being 
proportional) and conſequently the circumference of 
the circle is nearly 6, 2832, which is a mean between 
them. g 


Corollaries. 
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Corollaries. 

354. H the diameter of a circle is 1, the 2 
is 3,146. 

355. 1f the diameter of a circle is multiplied by 3, 1416 
the product will give the circumference. 

356. If the radius of a circle is multiplied by 6, 2832, 
the product will give the circumference. 

357. As 7 : 22 :: diameter: circumference. 

358. 4 7 : 44 :: radius : circumference. 

359. 1f the circumference à circle is divided by 3, 
1416, the quotient will give the diameter, 

360. If the circumference of a circle is divided by 6, 
2832, the quotient will give the radius, or ſemidia- 
meter. 

Becauſe the circumſerences of circles are propor- 
tional to their diameters, or ſemidiameters - = 22g 


Remark. , 

Since the circumference of the circle is only determined 

nearly, and not accurately; ſe the corollaries abowe are 
nearly true only, but uct exattly jo. 
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Problem 11. 
361. To find the area of a circle, whoſe diamettr and 


PA Wr are 21 Ven. 


1 LES. 
1. Multiply half the circumference, by half the dia- 
meter, and the product will expreſs the area. Or, 

2. Multiply the circumference by the diameter, and a 

fourth part of the product will expreſi the area. 

Becauſe a circle is equal to a triangle, whoſe baſe is 
equal to the circumference, and altitude TR Ol to the 
ſemidiamete. 6 227 

EXAMPLE. 

What is the area of a circle, whoſe diameter is 2, 
and circumference is + 6,2832? : 
Now half the circumf. = 3,1416 
— - half the diameter — - - 1 


Th. the area - =» » = 341416 by rule firſt, 


EF XAMPLE 2, 
What is the area of a circle, whoſe diameter is s I, 
and circumference is - = 3,1416? 
Multiply dy the diameter - - 1 
The product is = - = 3,1416 
Th, the area - = 0,7854 by rule ſecond, 


—— ́utT—— — 
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Problem 12. 
- $62. The diameter, or ſemidiameter of à circle being 
given, to find the area of that circæe. 


RULES, 

1. Maltigly the ſquare of the diameter by 0,785 4, and 
the product will give the arca. Or 

2. Multivly the ſquare of the ſemidiameter by 3,1416, 
and the product wil give the area. 
Becauſe 0,785 4 and 3, 1416 are the areas of circles, 
whoſe diameters are 1 and 2 (361) and the areas of 
circles are proportional to the ſquares of their diame- 
ters, or ſemidiameterer = = «+» 225 

Again, 1: 0,7854 : 14 : 11, nearly, 

And 1: 3,1416 :: 7: 22, nearly. 


Hence the following RuLes. 
3. As 14 to 11, /o is the _ FLY diameter to the 


area of the circle - - 173 
4. As 7 to 22, fo is the * Y the * 2 
the area of the circle - - - 173 


REMARK, | 
The area of a cirele cannot be found exactiy, becauſe the 
diameter and circumference, are not (both of them) to be 


accurately expreſſed by numbers N 2 0 353 
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; EXAMPLE. 
What is the area of a circle whoſe diameter 
is 12 ? | 
Now 12 x; 12 = 144, the ſquare of the diameter, 
and 0,7854 x 144 = 113,0976, the area required, by 
rule the firſt, 


Secondly, 6 x 6 = 36, the ſquare of the ſemidia- 
ter; and 3,1416x36 = 113,0976, the area required, 
by rule the ſecond. 


Thirdly, 14: 11 :: 12 x 12: area of the circle, 
I2X*12X11 1484 


which therefore =— — 1 25 113, 1, by 
rule the third. 


Laſtly, 7: 22 :: 6 x 6: area of the circle, which 
6x6X22 792 | 
conſequently = ——— = —= 113, l, by rule the 


7 7 
fourth, 


Problem 
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Problem 13. 
363. The circumference of a circle being given, 1 i find 
the area. 
RULES, 


1. Find the ſemidiameter by the 3Co, and then find the 
area by the 361. Or 

2. Multiply the ſquare of the circumference by 0,079577 
and the product will give the area. 

For the {quares of the circumferences, are as the 
ſquares of the diameters (207) therefore the areas 
are as the ſquares of the circumferences (173) aud 


0,079577 is the area of a circle whoſe circumference 


IS 1. 
EXAMPL E. 


What is the area of a circle whoſe circumference 
is 24? 

Now the femidiameter is 3,8197, and 3,8197 x 12 
= 45,8364 the area required, by rule the firſt, Or 

Secondly, the {quare of the circumference 24 x 24= 
576, and 0,079377 x 576 produces 4558 3635 2 for the 
area required. 
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Problem 14. 
364+ To find the area of a ſeclor of a circle ave. 


A 


A B 


RULE, 

Multiply the Iength of the arch ty the radius of the 
circle, and half the preduct wall give the area. Or multiply 
cither of them by half the other, and the product will 
expreſs the area. 

For a ſector of a circle is equal to a triangle, whoſe 
baſe 1s equal to tre length of the arch, and altitude is 
equal to the radius of the ſector = |= 227 


EXAMPL B, 


Let the radius ca be 55, and the length of the 


arch AB be 59. 


Now the arch aB « =- = 59 

The radius ca - - = 55 
93 
295 


- - the product - = 3245 
Half the product - - = 162235 the area of ane. 


Problem 
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Problem 15. 
365. To find the area of a ſegment of a ſeclor ABCD, 
er the front of an arch built with ſtones of equal length, 


SA < 


AE @I © 


' N U L E. | 
Mutriply half the ſum of the bounding arches AD, Bc; 

by their aiftance à R, and the product will give the area. 
For let the ſegment be divided into equal parts inde- 
finitely ſmall, by firait lines e f, g h, i k, &c. drawn 
from the common center of the arches av, Bc ; and 
| ab out the ſaid center deſcribe the arch La biſecting 

| 4B Cr DC, and cutting e f in n. 
Now the parts 4 f, e h, g k, &c. repreſenting the 
- fronts of arch ſtones indefinitely thin, they may be 
taken for quadrangles, having their upper and lower 
ſides paraliels, and being all equal to one another, 
each is equal to L Xx A8 (347); therefore the whole 
ſegment ABCD = LM x AB (106) and L n being half 
the ſum of B fand a e, LM mult be half the ſum of 
BC and 40; which gives the rule. 


EXAMPLE 
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EXAMPLE. 
What 1s the area of the front of an arch, bnilt with 
ſtones of 4 fect long, whoſe upper and lower bounding 
arches are in length gi and 78 & feet reſpeCtively ? 


Now the upper curve - - = 9 

- - = = lower curve - S 78,5 
The fm - 8 1695 
The half ſum Dn = 84475 
Multiply by - Si 4 


The area required ©» = 339 ſquare feet 


EXAMPLE 2. 
What 1s the area contained between two concen- 
tric ſemicircles, whoſe diameters are 24 and 16? 


Now the greater ſemicircle = - — 37,7 
- - the leſſer ſemicircle = - = 25,1 {by 357 


Their ſam - - = - — 62,8 


The half ſuͥů n =© 22 31,4 

Multiply by < = - 4 the diſtance 
between the circles, and the produR 125,6 1s the area 
required. 
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366. To find the area of a * of a cirali ABC, 4 


avhoſe center is E. 
B i 


4 ů — 


I. Find the area of the triangle ABE, and of the 2 
ACBE, by article; 349, 364; and their difference is the 
area of the ſegment AB. Or 

2. * To fix times the baſe, add eight times the chord 
of half the arch, multiply the ſum by the altitude, divide 
the product by 15, and the quotient wwill nearly give the 


area. 


*% 


A 8 0 
1 

1 

D E F 7 
RULES, 7 


A. 
_p 
Ie 
— 


— — — 4 -» 4 — — — — 20 


« =, 


EXAMPLE for RULE 2%, 

Let the baſe an be 8, and the altitude cs be 3. 
Now ac*= ac*+ , 16 +9g=25; th. 4c 5. 
Th. 8x6+gx8=48+40=88, the ſum to be 
multiplied; th, 88 x 3 = 264 the product; which, 
divided by 15, gives 17,6 the area of the ſegment 

Ac, nearly. 
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Problem 17. 
367. To find the area of an ell fis, or oval. 


RULE . 

Multiply o, 7854, the greateſt diameter, and the leaf 
diameter together, and the product of theſe three numbers 
ui expreſs the area. 

The reaſon of this rule (and of thoſe in articles 
366 and 385, marked likewiſe with a ſtar) cannot be 
given from the preceding principles; but fince they 
may prove very uſeful to artificers, it is hoped the 
more ſkilful reader will excuſe their being inſerted, 


E XAML x. 
What is the area of an ellipſis, whoſe greateſt dia- 
meter 1s 24, and leaſt diameter is 18 ? 
. Now the conſtant number is = 04,7854 
- - - the greateſt diameter is 24 X 


The firſt product ie — 18, 8496 
The leaſt diameter is — = = . 


The area is ® = * - — 


Problem 
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Problem 18. 
368 To find the convex furface of a right cylinder 


ABCD. 


R U . 
Multiply the cirenmference of the baſs by the altitude of 


elbe cylinder, and the produ# will give the convex ſurface, 


For the convex ſarface cut parallel to the 
ſpread ſmooth upon a plain; it will 
evidently fall into a rectangular figure, and conſe- 


quently mult be determined after the fame manner. 345 
EXAMPLE & 


What is the convex ſurface of a right cylinder, whaſe 
circumference is 9 feet, and length is 44 fect? 


1. Decimally. 


— — — 
: * . 4 PR » - - 
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Problem 19. 


369. To find the convex ſurface of a right cone ABC, 


Multiply the circumference of the baſe by the ſlant fide, 


and half the product will give the area. 


For conceiving the ſurface cut in a ſtrait line from 
the vertex to the baſe, and then ſpread ſmooth upon 
a plain, it will evidently fall into the ſector of a circle; 


and conſequently, muſt be determined after the ſame 
manner Sire ="; 306 


EK X AMY L E. 
What i is the convex ſurface of a right cone, whoſe 


: baſe is 64 feet in circumference, and ſlant fide AC 1s 


28 feet in length? 
Now the circumference = 2 64 
Slant fide ac «© e 28 x 
512 
128 
The produt - 3 i= = 1792 
The convex ſurface «= = 3896 ſquare feet. 


Problem 


> © vw i 


Jurface. 
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Problem 20. 


$50. To fond the convex farface of the fruftum of 


right cone ABCD, made by a ſection parallel to the bam. 


R UL E. 
Multiply half the ſum bf the circumferences of the end: 
by the 72 f ae ; and B Freda, will _ the convex 


> \K.Y T1 \ 


For conceiving the beter furfies" cut ia 8 "Ra 
line a AB, and then ſpread ſmooth upon 4 plain, it will 
evidently fall into the ſegwent of a ſector; whoſe 
bounding” arches are equal to the — of 
the ends, and whoſe ſides are equal to the flant fide of 
the fruſtum as or De ;; likewiſe, the circumference of 
a circle L round the middle of the fruſtum, will fall 
into an arch LM biſecting the ſides 6f the ſegment: 
wherefore the convex, > ſurface is ax. expreſſed by 
LM X AB. - a RG IT. 


— — o#S - 


EXAMPLE. 
Let the ph NE LI of the ends be 32, and 8 


feet, and the length of the ſlant fide an be 7 feet; 


to find the convex ſurface. Now half 32 +8 x 7 = 


20 x7 = 140, the content required. 


Nn2 Problem 
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Problem 21. 
371. The diameter of a glabe being given z to find the 
Juperficits. | 


R U LZ. 

Find the circumference of a. great circle upon the globe 
by article 356, multiply the circumference by the dia- 
meter, and the produdt will expreſs the Juper ficies, 

Becauſe the ſurface of a globe is four times the area 
of its great circle (283) and the product of the circum- 
ference, by the diameter, is likewiſe four times the 
area of the fame civcle - » 362 


_ EXAMPLE. 


What is the ſuperficies of a globe, whoſe diameter an 


18 1? 


Now the eircumf. of a/grent ab = 3,1416. 355 
- - the diameter = * a 


The ſuperficies of the globe - = 3,1416 
. A: Problom 
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Problem 31 6. 
372. The diameter, or ſemidiumater of a. glabe * 
given, to find the ſuperficies. 


RULES. 

I. Malin 3.1416 by the ſquare of the diameter, and 
the product will give the Juperficies, Or, 

2. Multiply the ſquare of the ſemidiameter by 88, divide 
the product by 7, and the quotient will give the ſuper- 
fees. 

Becauſe the ſurfaces of globes, are proportional to 
the ſquares of their diameters, or ſemidiameters (290) 
and 3,1416, is the fuperficies of a globe whoſe Ga. 
o GT ORE TY - 171 


EXAMPLE. 
| What is the ſuperficies af a globe whoſe 33 
$ feet? 
Firſt method, Second method, 
om mg No. 43,1416 | Square of ſemidiam. 16 
Square of diameter 64, | Conſtant number 288 


— v.—ů— — 


125664 128 
198456 128 
$uperficies 201,0624 Square feet. 97)1408(201 
CS 9 — 


Problem 
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problem 22. 


37 3. 7 fad the Super ficies of a . bert | a ; globe, | 
made by the ſection of a ks, 


ROY 3.3 D 
R U L E. 

Multiply the circumference of the globe 5 the hei 997 
of the ſegment, and the product will give-t he ſuperficies. + 

For let a ſemicircle a BÞ be divided into parts a e, e f. 
f h, &c. indefinitely ſmall, fo as to be taken for ſtrait 
lines, biſet f hin x, drawen, fo, x Y, Ec. perpen- 
dicular to av, and f m parallel to ap, join the point 
x to the center x, and ſuppoſe the ſemicircle to turn 
about the axis ap and generate a globe. 

Now E x fis a right angle (126) th. the angles x fm; 
E xy are equal, and the triangles h fm, E x y are equi- 
angular; th. hf:fm::ex:xy; but Exö: xy :: the 
circumference of the globe c : the circumference of a 
circle, whoſe radius is y x (225) th. hf: fm:: c: 
circumference x (173) th. circumference x x h f = c x 
fm, or C x Op; but the ring, or zone deſcribed by 
fh, being the convex ſurface of the fruſtum of a right 
cone — circumference x x fh (370) th. the zone de- 
{ſcribed by fh g XK op (48). By the ſame reaſon, 
each zone deſcribed upon the globe, is equal to the 
produ of the circumference c by the intercepted part 
of the axis, and conſequently a ſuperficies deſcribed 
by any arch af, is equal to C x a 0. 


Corollary. 


: 

i 

[ 275 ] b 

my i 
"Corollary. 


374. if the parts of the diameter ai,i g. g, Sc. 
are equal, the zones deſcribed by the correſponding arches 
4 e, e i, f b, &c. are likewiſe equal, 


* 
5 n 
ut —_— 


a * +» 
pF 
—— neon 


Remark. 
The ſuperficies of a globe is expreſſed by the product 
of its circumference and diameter, as before determined in 
article 37 i. 


EXAMPLE. 

What is the ſuperficies of a ſegment 9 feet high, 
cut from a globe of 42 feet diameter ? 

The conſtant number = = 3, 1416 

The diameter of the globe = 42 


— „ el 
— — — — K—õ—Bk— — — — — -+ >. 


Kh: bl i 
62832 4 
125664 1 
— 7 


The circumference - = 131,9472, by article 
355» s 
The height of the ſegment = - - 9 Xx 

The ſuperficies required = 1187,5248 


#- PT” +,» 4 


Problem i 
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Problem 23. 
375 · To find the folidity or content of a cube ancu. 


Mubiply the Aar of « ful by the fil, and the pro- 
duct will expreſs the comtent. 


For if a cube ac be compoſed or built up with 
lefler cubes, the number af them placed apon the baſe 


is equal to the number of little ſquares in the baſe, 


and that number is expreſſed by as x aB, the ſquare 
of the ſide (344). Again, the number of courſes is 
equal to the number of parts or meaſures in the ſide 


Ar br as; and conſequently the number of leſſer cubes 


contained in the greater, is expreſſed by ABxXABXAB, 
which gives tht rule above. 
EXAMPLE. 
What is the content of a cube whoſe ſide is two feet. 
Now the fide aBoras = =» = 2 


The ſquare of a ſide «- < = 4 ZABXAB, Or AB* 
Again, the fide aB » » = 2 
The content required «© - = 8 NAR. 


EXAMPLE 


1 477 J 


Problem 24. 
376. Fo find the contem of a priſm aS ton. 


| 11 IP 
WIN 7 8 


* . 
21 | 


S © * he 


OO —_ 
— — 
— 
— — — 
— — 


10 
LI Niall | 


Miultiply the area of the baſe by the height or altitah, | 


and the product will expreſs the content. 

| For if a priſm is erefted upon a ſquare baſe, and 
compoſed or built up with equal eubes, the number 
placed upon the baſe muſk be equal to the number of 
little ſquares in the baſe, and the number of courſes will 
be equal to the number of parts or meaſures in the alti- 
tude, wherefore the content is truly expreſſed as above 
in a ſquare prifmry and all priſms of equal baſe and 


a being equal (269) the rule is ere uni vetſally. 


EXAMPLE. 
Let the area of the baſe ancp be 4 feet, and the 
height ae be 3 feet, to find the content. 
Now 4 X 3 = 12, the content required in cubic foot. 


Oo Problem 


ww. + an 
—_ EO 


- - — - = & -_ - — « — 6 
—ä—m— — . ooo ꝗ ͤ-ͤ¹- Pr eathaan, — Bs —— 


1 
1 
' 


F 
Again, the length is 7: 9 
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AN . 
What is the content of a block of marble, in length 
7 feet inches, breadth 3 feet 6 inches, and thickneſs 
2 feet 6 inches? 
1. By inches 
The length is POS : 
The breadth is © © 42 x 


LI 


. ͤů— 


186 
372 


The area of the baſe = 3906 
The thickneſss 30 x 


The content - »- = 117180 cubie inches, 
which divided by 1728 (the number of cubic inches 


In a cubic foot) gives 67,8 cubic feet, the content re- 


quired, 
| 2. By croſs multiplication. 


the breadth is 3:6 * 


3: 10:6 
23: 3 
Area of the baſe 27 : 126 
The thickneſs = =» ::-$36-x-- 
2 13: 6:9:0 
T 54: 3:0 


The content is 67: 9:9 © Cubic feet. 


Problem 


* a —_ — 
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EXAMPLE 3, 

What is the content of a ſquare ciſtern, whoſe length, 
breadth, and depth are 54, 27, and 33 inches reſpec- 
tively ? 

Now the length «© 2 54 
- - - - - breadth « + = 27 Xx 


378 
108 


The produtt | - = 1458 the area of the bottom 
The depftin - = 33 X 


4374 
4374 


The content - = 48114 cubic inches, which, 
divided (by 282, the number of cubic inches in a gallon) 
gives 170 gallons, the content required. 


EXAMPLE 

What is the content of a canal 20 feet broad at the 
top, 18 feet broad at bottom, 5 feet deep, and 300 
feet long ? | 

This ſolid being a priſm, whoſe ends or baſes are 
quadrangles having two parallel ſides, the area of the 
baſe (by article 348) = half 20 16 & 5 =18X 590, 
which, multiplied by 300, the length or height gives 
90 x zoo, or 27000 cubic feet, the content required. 


Ooz- Problem 


— 2 - . - V — 5 
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Problem 25. 
377. To find the content of & «wail, W 


4 brick and half | thigck. 


K UL E. 

Multiply the area of the wall in feet, by ue number 
of half bricks in thickneſs, divide the product by 8 16, and 
the quotient will exyreſs the content required. 

Becauſe 155 x 15 * 3, or 2721 * 3, or 8164, ex- 
preſſes the content of a wall. that is a ſquare rod in 
area, and three half bricks in thickneſs (376) ; which 
ſolid is called a ſquare rod of work; the fraction 3. 
being rejected in favour of the workmen. 


E X AMY L E. 
How many ſquare rods of work is there in a wall 
1874 feet long, 7 feet high, and 22 bricks thick ? 


Now the length of the wall is 187,5 


- - - - - height — — PX. 


The area of the wall is - 1312, 5 
Multiply 4% . thickneſs 


— 


The number to be divided is 6562, 5, which, divided 
by 816 gives 8 rods, the content required. 


Problem 
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Problem. 26 
378. To fnd the content. of a fyramid Ae 


R UP E. 
Multiply the area of the baſe, by a third part of the 


altitude, and the producs cu ll gie the content. 


Becauſe a pyramid i 15: a third part of 2 priſm, fraving 
the youn baſe and aſtituds r e '* 275 


| EPXAMPLR. | 
What is. the content af a. pyramid 300 feet high, 
erected upon # bafe 24 feet ſquase ? 
Now the fide of tha hae ss 24 


The area of tho hate MX 2 20 = 5706 
One third of the hagge 2 10 


The content | 5 = 576 enhic fees 


0 
| 
i 
0 
1 
. 
* 
io 
7 
$ 
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Problem 77. 
3595 To find the content of a wwedge ancoer, which 


it a ſolid contained ander five 4 the back or baſe 
'ABCD, i a redbangle or oblong, and the four ſides termi- 


nate in the edge Ex r, being a flrait line parallel and equa! 
to a fide of the baſe. ' 


RULE, | 

W the area of the baſe, by half the. altitude 4 7 
the edge, and the Product will give the content. 

For this ſolid is likewiſe a triangular priſm, whoſe 
baſes are ADE, ger; and if plains be drawn through 
ze, bc parallel to Ac, ar, the ſolid ABC DET R 
formed thereby will alſo be a priſm; and either the 
rectangle ac, or parallelogram an, may be taken for 
its baſe (234). Th. the priſm AD EBT = HEDGFC 
(268). Th. apBBGF, or ABCDEF is half azcperGH, 
which gives the rule above. 


— EXAMPLE, 
What 1s the content of a-wedge whoſe baſe meaſures 
36 feet by 20, and whoſe height is 12 feet? 
Now 36 x 20 = 720, the area of the baſe. Th. 720 
Xx 6 4320, the content required. 


1 Problem 
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Problem 28. 


380. To find the content of a pavilion roof A8 CDrr⸗ 
which is a folid contained under five plains ; the baſe is 
a rectangle or oblong, and the four ſides terminate in 4 
ridge (EF) parallel to a fide of the baſe, but unequal to it. 


R U L E. 

To the length of the ridge, add twice the fide of the 
baſe which is parallel to it. Multiply the ſum by the 
other fide of the baſe, and the product which ariſes by a 
Arth part of the altitude, and the ſecond product will 
give the content. 

For ſuppoſing the ſection xn, made parallel to 
the plain yzc, the roof is then divided into the pyra- 
mid AGHDE, and the wedge GBCHEF ; now calling 
the altitude a, and finding the contents of thoſe 
parts according to the preceding rules, their ſum (pro- 
perly ordered) will be expreſſed by zy+2ax BCX73 
which gives the rule above. 


EXAMPLE, 

What is the content of a pavilion roof, whoſe baſe is 
36 feet by 20, ridge parallel to the greater fide is 16, 
and .altitude is 12 feet ? 

Now 16 + 72 = $8, the ſum to be multiplied ; th. 
88 X 20 x 2 = 3520 Cubic feet, the content required. 

8 Problem 
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problem 29. 


381. EE find the content of the fruſtum of A. ſquare pyra- 
nid ABCDEFGH, made'by a ſeclion para. lel to the baje. 


R Ul. E. 

To the areat of the ends, add the product of their fades, 

multiply the Jum by a third part of the altitude, and the 
frodut will give the content. 

For let the ſeftions p, xxx be made parallel to 

the plains a#, he, and the fruſtum will be divided into 

the priſm wiipercn, the wedge Meiro, and the 


pavilion roof aBMNEF ; now calling the altitude 
a, and finding the contents of thoſe parts according 
tothe preceding rules rules, their ſum (properly ordered) will 


de expreſſed by 4587 AB*+ Tr T AS X EF X =y which gives 


the rule aheve. 
EXAMPLE. 

What is the content of the fruſtum of a pyramid Go 
feet high, whoſe ends are 16 and 17 feet ſquate ? 

Now 16x16 56, 13 x 14 = 169, and 16 x 13 
=208, which are the areas of the ends, and the pro- 
duct of their ſides; th. 256 + 169 + 268 =633, the 
ſum to be multiplied ; th. 633 x 20 = 12660, the 


-eontent tequired. 
" Problem 
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Problem 30. 

382. To find the content of à priſmoid ABCDEFGH, 
being a ſelid contained under fix plains ; the baſes or ends 
are parallel rectangles or oblongs, and the four fides are 
quadrangles. | 


H 


A 
R UL E. 
To the areas ef the ends, add the product of the ſums of 
their lengths and breadths; multiply this ſum by a fixth part 
of the altitude, and the product will give the content. 
For let the ſections y, EFMN be made parallel to 
the plains an, he, and the priſmoid will be divided 
into the priſm-NLIDEFGH, the wedge ;MCILFG, and 
the pavilion roof aBmNeF; now calling the alti- 
tude a, and fixding the contents of theſe, parts by the 
preceding rules, their ſum (properly ordered) will be ex- 
preſſed by ann +EF x FG + AB+EF Ae x, 
1 D 0 
which gives the rule above. 
EXAMPLE, 
What is the content of a canal 304 feet by 20 at top, 
300 feet by 16 at bottom, and 5 feet deep? 
Now 304 x 20 = 6080, 300 x 16 = 4800, and 
G04 36 21744, which are the numbers to be added; 
th. 6080 + 4800 + 2174432644, the ſum to be mul- 


tiplied; th, 32624 x = 27186 the content required. 
| Pp Problen 
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Problem 31. 
383. To find the content of a cylinder ABCD. 


RULE, 
Multiply the area of the baſe by the altitude of the 
cylinder, and the product awill expreſs the content, 
For all priſms and cylinders of equal baſe and alti- 
tude are equal (268); and therefore muſt be deter- 
mined by the products of their baſes and altitudes. 376 


EXAMPL E, 
What is the content of a cylinder 3 feet diameter, 
and 6 feet high ? 
Now 3 „ 3 9, the ſquare of the diameter. 
Th. 14:11 ::9 : 7,07, the area of the baſe, by rule 3, 
article 362, 
Th. 7407 X 6 = 42,42 the content required. 


Problem 
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Problem 32. 
384. To find the content of a triangular ceftern, who/+ 
bottom is the ſector of a circle, 


RUL Po 
Multiply the area of the bottom in inches, 55 the depth 
in inches; divide the product by 282, and the * 
will be the content in gallons, 
For this ſolid is evidently a portion of a cylinder, 
and conſequently muſt be determined by a ſimilar rule. 


EXAMPL E. | 

What is the content of a ceſtern whoſe bottom is a 
quarter of a circle 21 inches in ſemidiameter, and whoſe 
depth is 42 inches ? 

Now by rule 4, article 362, the area of a circle 21 
inches in ſemidiameter is 1386, its fourth part 346,5 is 
the area of the bottom of the ceſtern, and 346,5 x 42 
= 14553 the content in cubic inches, which, divided 
by 282 gives 51,6 gallons, the content required. 


Ppz Problem 
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Problem 33. 
385. The hung diameter, head diameter, and length of 


a caſt (within fide) being given; to find the content of a 
cylinder nearly equal to it ; which is called gaughing the 


caſh, | 
VETS EO 


To the head diameter, add ſeven tenth parts of the dif- 


ference between the bung and head diameters, and the ſum 


avill be a mean diameter of the caſt, or the diameter of a 
cylinder equal to the caſt. Multiply the ſquare of the mean 
diameter, the length of the caſt, and 0,78 together ; and 
the product will be the content, nearly. 

Note. The number (e)] uſed in finding a mean dia- 
meter, is thought the beſt adapted to a general rule. 


EXAMPLE, 

What is the content of a cafk, whoſe bung diameter, 
head diameter, and length, are 32, 26 and 40 inches, 
(within ſide) reſpeively ? 

Now 32—26 = 6, the difference of diameters, and 
6 x 0,7 = 4,2 the number to be added; th. 26 4 4,2 
= 30,2 the mean diameter, whoſe ſquare is 30,2X 30,2 
or 912,04; th. 912,04 x 40 x 0,78 = 2845, the con- 
tent in cubic inches, which, divided ſeperately by 282, 
and 231, will give 101 ale, and 123 wine gallons, the 
contents required. 


. Problem 
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Problem 34. 
386. Ta find the content of 4 cone ABC» 


Maltiply the area if the baſe by a third part of the 
Altitude, and the product will give the content. 

Becauſe a cone is a third part of a cylinder, having 
the ſame baſe and altitude. - - - 276 


EXAMPLE, 
What is the content of a -— 
diameter, and altitude is 6 feet? 
Now 3x3=9 the ſquare of the diameter of the haſe. 
And 14: 11 :: 9: 7,07, the area of the baſe, by rule 3, 
article 362. 
Th. 7,97 x 2 = 14,14, the content required. 


Problems 
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Problem 35. 
387. To find the content of the fruſtum of a cbne anc, 
made by a ſection parallel to the baſe. 


A ln 
RR VS @ Bo 
' T's the ſquares of the N ener c of the end; adi 


circumferences 
their product; multiply the ſum by the altitude of the fru- 
flum, and the product <vhich ariſes by 2 2010} 


0,0205 
this laſ product will give the content. 
For ſuppoſe ꝝ the vertex of the compleat cone, and 


the triangle ABE a ſection thro? the axis; draw DL pa- 


rallel tos, and let fall the perpendiculars or, E, cn. 

Now Ls is equal to pc (91) and the triangles AL p, 
ABE, DCE are equiangular (83); th. AL: DF :: aB: 
EG :: DC: E1 (201) ; whence the altitudes Eo, EI are 
determined; now calling the diameters of the ends 
N., d, their circumferences c, e; and finding the con- 
tents of the cones ABR, DCE, by article 386 ; their dif- 


ference will produce the following expreſſions, namely, 


1. ABCD = D* + d*+ D d x DF o, 2618. 
2. ABCD =C* +£* + G x C x DF x o, oz65, which 
give the rules above, 


( 
< | AXAMPLE 


ar 
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EXAMPLE I. 
What is the content of the fruſtum of a cone 60 feet 
high, the diameters of its ends being 20 and 3 feet ? 
Now 20 Xx 20 = 400, 3X3=9, and 20 Xx 3 = 60, 
which are the ſquares of the diameters and their pro- 
duct. Th. 400 + 9 + 60 = 469, the ſum to be multi- 


plied, 
The altitude 2 
Firſt product - =, 28140 
x 0, 2618 
215120 
28140 
168840 
56280 


Content = - = 7366,0520 
EXAMPLE 2, 

What is the content of a conical fruſtum, the cirs 
cumferences of whoſe baſes are 66 and 56 feet, and 
whoſe height 1s 4 feet ? ; 

Here 66 x 66 = 4356, 56 x 56 = 3136, and 66x56 
= 3696 ; which are the ſquares of the circumferences, 


and their product. Th. 4356 + 3136+3696 =11188 


the ſum to be multiplied b — * 4 


The firſt product ie 44752 
c o, o265 


— 


223760 


268512 - 


89504 


— ͤ — 


- 


The content required — - = 1185,9280 


Problem 
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Problem 36. 

To meaſure TIMBER. 

388. A ſquare piece of timber equally thick at both 
ends is a priſm, a round piece equally thick at toth 
ends is a cylinder; a ſquare piece that tapers regularly 
is the fruſtum of a pyramid, and a round piece that 
tapers regularly is the fruſtum of a cone; and the con- 
tents of theſe ſolids may be exactly computed by their 
reſpective rules. 

But becauſe the menſuration of tapering timber by 
the exact rules is troubleſome, an approximation has 
taken place, and the contents of ſuch trees are generally 
computed by the following 

R UL. 
Multiply the ſquare of the girt in inches by the length in 


feet, divide the product by . and the quotient will give 


the content in feet, 
Remarks. 


K — 


4 ·— — 
— 


1. Se. giet a piece of timber ir'a fourth part of it | 


Be or circumference at the middle. 


2. Trees of irrepular growth muſt be meaſured in part: 


vr pieces, as above directed. 
3. Allowance nagt be made for the thickne/s af bath, 
&f on the tree, 


EXAMPLE 


F 
} 
f 
. 
b 
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EXAMPLE I. 
What i is the content of a tree whoſe gut is 16 inches, 
and length is 30 feet? 
Now 16 x 16 - +» = 256 the ſquare of the girt 
Multiply by = + = 3o the length 


The product i N 2 - 7689, which, divided by 
144 gives 53,3 cubic feet, the content required. 


EXAMPLE 2. 
What is the content of a tree whoſe girt is 13 inches, 
and length is 40 feet 6 inches? 
Now 13 X 13z - <- = 169 the ſquare of the girt 
The length «- =» = 40,5 


— — 


845 
676 


The product - = 6844555 which, divided by 
144, gives 47,5 the content required. 


EXAMPLE 
What is the content of a piece of timber whoſe girt is 
14 inches, and length 1s 20 feet? 
Now 14 x 14 = 196 the ſquare of the girt, and 196 
x 20=3920 the product; which, divided by 144 gives 
27,2 the content req 


Qq Problem 


1 294 ] 


* | Problem 37. 
; 389. The diameter of a globe being given to find the 
' ſelidity, or content. 
| RULES; 


1. Find the ſuperficies by the 373, multiply the ſuperfi- 
cies by a third part of the Sinidiavteter, and the product 
will give the content. | 

Becauſe a globe is equal to a MY or cone, 
whoſe baſe is equal to the ſurface, and altitude is 
equal to the ſemidiameter = - - - 270 

2. Find the content of a circumſcribing cylinder by the 
383, and take two thirds of it for, the content of the 


globe. 
For a globe is two thirds of its circumſcribing 
/// 20 On TG 


EXAMPL E. 

What is the content of a globe whoſe diameter is 1? | 

OR SORES oo = oe. = 31416. | 
One third of the ſemidiameter = 5 


— —— 


* 


The content - - = = = = 095236 


-. The content of a circumſcribing cylinder is 
o, 7854, and 4 of it is 0,5236, the content of the 
globe, as before. 


e Again, 


* n 


nm —„-V——ͤ —-—ę᷑—: t oro : 
D 1 =. - _ 
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Again, Problem 37. 
390. The aue of a globe being given, to find the 


ct nent. 


RU L E. , 
Multiply the cube of the diameter by o, 5236, and the 


product ewill give the content. 
For globes are proportional to the cubes of their 


' diameters (by 291), and 0,5236 1s the content of a 
globe whoſe diameter is 1 - <= = = 4389 


EXAMPLE, 
What i is the content of a globe whoſe diameter AB 


is 12 inches? 


Now 12 x 12 X12 - =- = 1728 the cube of „ 
diameter 0, 5236 x 


10368 
5184 


3456 
8640 


The content = = 904, 7808 cubic inches. 
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| Problem 38. 
391. DD find the content of a ſegment of a * ABC, 
made by the jefion of a plain AB. 


RULE. 


From three times the diameter of the globe, take twice 
the alt:tude of the Jerment ; multiply together the remainder, 
the ſquare of the altitude, and o, 5 236; and this product 
will give the content. 

For the conical ſalid aczr being equal to a pyra- 
_ of equal baſe and altitude (270) may be expreſſed 

the given terms, and the cone AB having the ſame 
ute as the ſegment may likewiſe be exprefſed in the 
given terms, by what preceeds ; and the difference of 
theſe expreſſions gives 3©Dd—2CE x CE*x 0,5230, the 
rule above. 

Note. If the diameter of the ſegment as is given, 
make CE: EA:: 4: Eo, and cp will be known, 


EXAMPLE. 
What is the content of a ſegment 5 feet high, cut 
from a globe 20 feet diameter? 
Now 60—10=50 the remainder, and 5x5=25=cs*, 
Th. 50x25 x 0,5236 = 654,5 the content w_— 
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A TAI ſewing the weight of a cubic fort, of 


e, various bodies, in pounds averdupoiſe. 
Things. Ib. oz. 
Gl TD Eos TS 
n - — >= -  - a. 
Led -- - - = „„ 
Art . - ' GS 
* „/ oe. oc ST 
7 Steel - „ — - - 490 : 10 
4 — -- 2» — 141 
Block tin „„ - . a. 
5 Caſt iron « = - - - _ 445: Ig 
5 — %% —o6ilæ. < ns 
e Portland ſtone - - | 2060 1 10 
f Freeſtone = - — — 17 2 0 
5 Loom — - - 2 
6 | ET o 
Gravel - — 4 
Clay - - - o 
a „ s 
Salt water — 6 
a Rain water - 8 


Salt - - - 


8 


: 
: 
IMO 


Mahogany = 5 Xs 

Oak - - - W- = 

Beech — — - - __ 

E 
Yellow fir „F 
j + -« 
PPV A -. 9 
/ -  - - 4 
/ ͤ TTW  < ny 
—_- fo -- -ie7- -'- on 
Wheat - — — — - = 48 
JJ +» 2 
Malt = - xe. No RE 
Oats "a 75 N 5 A 29 
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LE. 60 = LE 
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